Abstract. The orders in a quaternion algebra play a central role of the theory of Hecke operators. In this paper, we study the arithmetic properties of optimal embeddings of orders in a quaternion algebra over a dyadic local field.
Introduction
A quaternion algebra over a field k means a semi simple algebra of dimension 4 over k. In a quaternion algebra, there are three kinds of primitive orders in quaternion algebras over a local field. That is, an order Λ of a quaternion algebra A over a local field k is called primitive if it satisfies one of the following conditions. If A is a division algebra, Λ contains the full ring of integers of a quadratic extension field of k. If A is isomorphic to Mat 2×2 (k), then Λ contains a subset which is isomorphic either to O ⊕ O where O is the ring of integers in k, or to the full ring of integers in a quadratic extension field of k. The arithmetic properties of first two types of orders were studied by Hijikata, Pizer and Shemanske in [5] and [10] and they solved so called "Basis Problem". More generally, Brezezinski studied bass orders in a quaternion algebra which include the remaining type of orders [1] . In this paper, we compute the number of optimal embeddings of primitive orders containing the full ring of integers in a quadratic extension field of a dyadic local field k with a different method used in [1] . Finally as an application, we constructed theta series associated with these primitive orders, which are modular forms of weight 2 on a certain congruence group. Unlike the theta series constructed in [5] , characters were not used in this case in defining theta series.
2. Orders 2.1. In this section, we summarize the arithmetic theory of a dyadic local field. Throughout this paper, we assume that k is a dyadic local field. Let O denote the ring of integers in k, P , the maximal ideal of O. We denote the discriminant of α by ∆(α). Let L be a quadratic extension field of k. If Γ is an O algebra of rank 2 contained in L, then Γ = O + Ox and the discriminant of Γ is defined by
where U is the set of all units in O.
2.2.
Let A be a quaternion algebra which is split over a dyadic local field k. That is A = M 2 (k). Let L be a quadratic extension field of k. In Remark. If L is an unramified extension field of k, then t(L) = −1. On the other hand, if L is a ramified extension field of a field k, then t(L) ≥ 0. Furthermore, if k is a dyadic local field, then 0 < t ≤ 2e by 2.3 and 1.3 in [6] . It is easy to see that ord L (x −x) ≥ ord k (∆(L)) = t + 1 for x ∈ O L . Let P L be the prime ideal of O L , the ring of integers in L. 
for some nonnegative integer n and t = t(L).
Proof. See Proposition 3.1 in [8] .
Remark. If L is unramified, then the index n of O L + ξP n L is always even. On the other hand, if L is ramified and t(L) < 2e, then ( 
Definition 2. Let the notation be as above. We define an order of A as follows.
a. If L is unramified,
for some nonnegative integer ν.
Corollary 2.2. Let the notations be as above
Proof. This is immediate from Definition2 and the remark above.
Definition 3. Let R be an order in A. The Eichler invariant e(R) of R is defined as follows.
Remark. The primitive orders which we are dealing with are classified into either e(R) = 1, e(R) = 0 or e(R)
is of e(R) = 1. For the others , e(R) = 0.
The followings are crucial in computing the number of optimal embeddings.
Proof. See Theorem 3.5 in [8] .
Embeddings
In this section we will discuss the embeddings between orders. By an embedding we mean a k ( or O k , the ring of integers) injective homomorphism. Let L and m be quadratic extensions of k. Then we will now determine all possible embeddings of R n (L) into R m (K) for nonnegative integers n and m.
According to Theorem 17.3 [13] , all maximal orders of A are A × conjugate to each other.
Proof. See Lemma 3.2 in [9] .
Remark. From Corollary 2.2, it is easy to see the followings.
3.1. Note that ∆ * σ = φ only if σ = 2ρ, 0 ≤ ρ ≤ e or σ = 2e + 1 where e = ord k (2) . Let
. Then we know that Γ is a maximal order of a quadratic extension field of k if and only if ∆(Γ) ∈ ∆ * . If 1 ≤ ρ ≤ e,
There is a bijective correspondence between elements of ∆ * and quadratic extension field of k given by
Thus we can classify all quadratic extension fields of a dyadic local field k as follows: ∆ * 0 contains one point which corresponds to the unique unramified quadratic extension of k and
contains 2q 2 points representatives where q = |O/P |.
Proof. See Proposition 1.4 in [6] .
3.2.
We introduce the following notation;
where U is the set of all units in O and ∆(α) = Tr(α) 2 − 4N(α).
and for n ≥ 1
) and let M be any quadratic extension of k contained in B with t(M ) = 2e. We have
which proves (3).
We are now able to answer the questions about the embeddability as follows.
is a unique nonnegative integer i which is either odd and satisfies
Proof. (1) is trivial, so we consider (2). Let M be any quadratic extension of k with t(M ) = 2e. Then by Lemma 3.5,
Optimal embedding
Let B be a quaternion algebra over a local field k and let K be a semi simple algebra of dimension 2 over k. Also, let α generate the maximal order O+Oα of K where O is the ring of integers of k. By an embedding of K into B, we mean a k (or O) injective homomorphism.
Definition 6. Let α be as above. For a nonnegative integer m,
where n ≥ 0.
Lemma 4.1. Let the notations be as in Definition 6 above. Then for
This contradicts that k + kα is a semisimple algebra of rank 2 over k.
Proof. It is clear from Definition 6.
where ν ≥ 2.
Proof. First, we prove the unramified case. If L is unramified, then
, T r(ab) ∈ P by Proposition 4 in pp.142 [14] .
Hence,
Proof. This is immediate from Lemma 3.5.
where the bijection is induced by the map,
Proof. By Lemma 4.5, it suffices to show that {h ∈
4.1.
For the computational convenience, we introduce a new nota-
t(L). Then we have
where [x] is the largest integer not greater than x.
Proof. See Theorem 4.3 in [7] .
4.2.
In a quaternion algebra, it is known that all maximal orders are B × conjugate each other [13] . It is known that the number of R × 0 equivalent classes of optimal embeddings of α into R 0 is 1 ( See [5] or [6] ). 
We are now able to compute the number of optimal embeddings. For the theoretical reason, we divided the cases into three parts according to L. Namely, t(L) = −1, 0 < t(L) < 2e and t(L) = 2e cases. First we consider the t(L) = −1 case. 
Proof. See [8] . 
Since ord 
Proof. By Lemma 4.1 and Corollary 4.4, 
If m > ν + 1,
R × ρ \ R × 0 /(O + Oπ m−ν−1 gαg −1 ) × where π m−ν−1 gαg −1 ∈ R 0 − R 2 for some g ∈ B × . 2. If m = ν + 1, R 2ν+1 case : R × 2ν+1 \ R × 0 /O × α if µ(k(α), L) = 0, ∅ if µ(k(α), L) ≥ 3, R 2ν+2 case : R × 2ν+2 \ R × 0 /O × α if µ(k(α), L) = 0, R × 2ν+2 \ (N (R 0 ) − N (R 2 ))/O × α if µ(k(α), L) ≥ 3. 3. If m ≤ ν, a. µ(k(α), L) = 0, ∅, b. 0 < µ(k(α), L) < ∞,      ∅ if µ(k(α), L) < ρ − 2m, R × ρ \ N (R ρ−2m )/O × α if µ(k(α), L) = ρ − 2m, R × ρ \ (N (R ρ−2m ) − N (R ρ−2m+2 ))/O × α if µ(k(α), L) > ρ − 2m. c. µ = ∞, R × ρ \ (N (R ρ−2m ) − N (R ρ−2m+2 ))/O × α .
Proof
If m = ν + 1 and ρ = 2ν + 2,
That is, the product of representatives of right hand side gives the representation of R
× ν \ N * σ /O × α .
Proof. We prove this lemma by induction on ν. Without loss of generality, assume that
τ +1 if and only if there exists a nonnegative integer s such that hπ s αh −1 ∈ R τ − R τ +1 . Since α ∈ R σ , there exists a nonnegative integer s such that σ = τ − 2s. Thus 
That is, the product of representatives of right hand side gives the representation of R
if and only if there exists a nonnegative integer s such that gπ s yg −1 ∈ R k −R k+1 . i.e. There exists a nonnegative integer s such that σ = k − 2s. Thus
Proof. This is immediate from Proposition 4.8 and Theorem 4.13.
Theorem 4.17. Assume 0 < t(L) < 2e and set
is as follows:
Proof. It suffices to compute the number of double cosets given in Theorem 4.13. 
We divide it into four cases.
If m = ν, by Corollary 2.8 , Theorem 4.15 and Lemma 4.17
We need to compute
By (4.3) and Lemma 4.18,
If m ≥ ν, the proof is exactly same as the above case.
If m < ν,
where g i π m αg
and 
we have
, then the number of R × ν equivalence classes of Eop(α, R ν ) is as follows: We need to compute 
